Lecture 17
Principles of multiple scattering in the atmospher e. Radiative transfer

eguation for solar radiation in a plane-parallel atmosphere.

Objectives:

1. Concepts of the direct and diffuse (scattered) solar radiation.

2. Source function and a radiative transfer equation for the diffuse solar radiation.
3. Single scattering approximation.

4. Legendre polynomia expansion of the scattering phase function.

Required reading:

L80: 1.1.4; 6.1; 6.2.1

Advanced reading:

G&Y:21.3;821

1. Concepts of the direct and diffuse solar radiation.

NOTE: Notations here are somewhat different from those used in L80. But the solar flux
isdenoted pFo isthe solar flux a TOA following the L80 notations.

The solar rediation fied is traditiondly considered a sum of two distinctly

different components: direct and diffuse: | =14, + 14

Direct solar radiation isapart of solar radiation filed that has survived the extinction
passing alayer with optica depth t * and it obeys the Beer-Bouguer-Lambert (extinction)

law:

Ly = loexp(-t /my) [17.1]
where | isthe solar intendity a a given wavdengths at the top of the atmosphere and my
isacosne of the solar zenith angle go (M = cos(qo)).

lo =pFd(m- my)d( -j o)



I dir

NOTE: Direct solar radiation is dso cdled “uncollided” or “non-scattered”.

Thedirect solar flux is

Fdi_r = myp |:o exp( -t * / mo) [17.2]

2. Sour cefunction and aradiative transfer equation for the diffuse solar

radiation.

Diffuse radiation arises from the light that undergoes one scattering event (single
scattering) or many (multiple scattering).
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Recdll Lectures 2- 3 where we have defined the source function
Ji = (jl . thermal T jl , scattering ) /be,l
wherej . therma isthethermal emission (i sermar = Pay By (T))

and J| | scattering iSthe re-radiation from muitiple scattering.

Using the volume scattering coefficient b s and the phase function P(m, f, mi f ), we
have

—
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NOTE: Recdl the scattering phase function P(m, f, mi f’) (i.e, the dement of the
scattering matrix Py1) represents the angular distribution of scattered energy as afunction
of direction. By the definition (see Lectureld), it isnormdized as

1
Ballip dw=1
p V(V)E’(Q)

where Q isthe scattering angle defined in Lecture 13 (also see L80: Appendix F) that
cos(Q) =cos(q')cos(q) + sin(q')sin(q) cos(f f )=mim+ (1- m?)*'?(1- nf)*'? cog(f ')

Thus the sour ce function for diffuse solar radiation may be written as two components
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where the wy is the single scattering dbedo and P is the scaitering phase function.



NOTE: in Eq.[17.3], the firgt term on the right-hand side shows that the phase function
redirects the incoming intengity in the direction (i ,f ') to the direction (m f ), and the
integrals account for al possible scattering events within the 4p solid angle.

» Thesourcefunction for scattering Eq.[17.3] is more complicated than athermd
source function:
(i) Itinvolves conditions throughout the atmosphere, while the therma source
function depends on locd conditions only;
(i) The phase function P(m, f, mi,f ) may be avery complex function of the
directions (and, in generd, State of polarizetion).

Recdl the radiative transfer equation defined in Lecture 3 for a plane-pardle atmosphere

IS
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Thus, using the source function for scattering, we can write the radiative transfer

equation for the diffuse radiation as (omitting the subscript dif in1 )

& &

&) ¢, WIP(W W) dW- —2pF P(W- W, ) exp(-t /m)
4p

[17.4]
NOTE: Eq.[17.4] isan integro-differentid equation.

NOTE: To solve Eq.[17.4], one needs to know the scattering coefficient b , absorption
coeffident b, and scattering phase function P(m f, mif *) as afunction of waveength
in each atmaospheric layer.




Eq.[17.4] can be smplified if there is no dependency on the azimuth angle.
For azimuthaly independent case, we may define the phase function as

1*®
P(m,n‘@zg P(mj ,mg 9qj ¢ [17.5]
0

Using Eq.[17.5], we may write the azimuthally independent radiative transfer

equation for the diffuseradiation

dit, .
m%:ut ,n)-\%_(lj(t m)P(mm)dmi-

Vi, [17.6]
- gpFoP(m- m)exp(t/m)

» Tofind asolution of theradiative transfer equation for diffuse radiation (i.e,
to solve EQ.[17.4]) , various approximate and “ exact” techniques have been
developed:

Approximate methods:

i) Single scattering gpproximations (this lecture)

i) Two- stream approximations (see Lecture 18 and Homework 3)

i) Eddington and Ddta- Eddington approximations (see Lecture 18 and
Homework 3)

“Exact” methods:

i) Discrete-ordinate technique (see Lecture 20)

i) Adding-doubling technique (see Lecture 21)

i) Monte-Carlo technique (Lecture 22)



4. Single scattering appr oximation.

If light has been scattered only once, the source function from Eq.[17.3] becomes

at, mj )z%pFoP(mj -y o) expet /my)

and using the solution (derived in Lecture 3) of the radiaion transfer in a plane-pardld
atmosphere bounded by ontwo sdesat t=0and t=t;:
for upward intensity (reflected)

] : . : t, -1
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f1 - 3.10
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and downward intengity (transmitted)
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we can write the solution for diffuseradiation in a sSingle scattering approximation as
] : ) : t, -1
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Assuming that there is no diffuse downward radiation at the top of the atmosphere
I . (Os_ mJ ) =0
and no upward diffuse radiation at the surface (i.e., no reflection from the surface)
1", mj )=0 [17.8]
then from Eq.[17.7a,b] for finite atmosphere of the optical depth t=t 1, we have the

reflected and transmitted diffuse intensities
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and for misNOT equaled to my
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> For the single scattering approximation, the diffuse intendities are directly
proportiond to the phase function.

NOTE: the single scattering gpproximation is valid for the opticdly thin aamosphere (i.e,
smal optica depth).



4. L egendre polynomial expansion of the scattering phase function.

» Legendre polynomids, by virtue of their mathematica properties, are extensively
used in the radidive transfer problems.

The phase function may be numericaly expanded in Legendre polynomids with afinite

number of terms N as
N
P(cosQ) = Q v, P (cosQ) (17.11]
=0

where Q isthe scattering angle
cos(Q) =cos(q')cos(q) + sin(q')sin(q) cos(f f )=mim+ (1- m?)*'?(1- nf)*'? coe(f ' )
and v | isthe expansion coefficients expressed as

vi= 2|2+1(‘j°(cosQ)P, (cosQ)d cos@Q) , =0, 1,... N [17.12]
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NOTE: Eq.[17.12] follows from EQ.[17.11] and orthogona properties of the Legendre
polynomids:

1d:{((cosQ)P,(cosQ)d cos(Q) =0for I * k

1\ ) 5 .
9‘&(COSQ)P|(COSQ)d cos(Q) e for | =k

Eqg.[17.11] can be expressed in the terms of associated Legendre polynomias (see L80:
Appendix G)

P(mj .t 9=8 av "R"(MR"(mYcos(mf & )) 74
m=0 I=m

where
(I - m)!

V"= (2-dg )V, (+m)!

| =m,...,N:; OEmEN

and do m isthe Kronecker delta: do m = 1 for m=0 and otherwise dg i, =O0.



In smilar manner, we may expand the diffuse intengity in the cosine series

1€,mj )= 1", mcos o - )) 1714

m=0

Using Eqgs[17.13] and [17.14] and the orthogondity of the associated Legendre
polynomids, the equation of the radiative transfer for the diffuse intensity (Eq.[17.4])
gplitsinto (N+1) independent equations in the form

m‘]"rgtﬂ:m(t,n) (1+d0m) a Y “‘Pm(n)dD (M1 ™t , o~

eV RV (MR" m)pF, ekt /m)

[17.15]

m=0 => azimuthd independent case:
From Eq.[17.13], the azmuth-independent phase function (defined by Eq.[17.5]) can be
expressed as

P(mMmy =4 v, P (mP (my 16

=0

For this case Eq.[17.15] amplifiesto (omitting the superscript O for m=0)

m‘“E;tJ:I(t,m-%é ViR (M (MYl ¢, mcnt-

D [17.17]
L AVIR (R (- mipRept /m)

NOTE: Eqgs[17.15]-[17.16] are often used as a starting equation when solved with
numerical methods.



