Lecture 20
M ethods for solving the radiative transfer equation. Part 3: Discr ete-

ordinate method.

Objectives:
1. D-O method for the case of isotropic scattering.
2.Generdization of the D-O method for inhomogeneous atmosphere.

Required reading:
L80: 6.3;
Recommended reading

Thomas G.E. and K. Stamnes, Radiative transfer in the atmosphere and ocean, 2000,
Chapter 8.

1. D-O method for the case of isotropic scattering.

A discrete-ordinate (D-O) method has been developed by Chandrasekhar in about
1950 (see Chandrasekhar S., Radiative transfer, 1960, Dover Publications).

Recdl the radiative trandfer equation Eq.[17.6] for azimuthdly independent diffuse
intengty:
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For isotropic scattering, the scattering phase function is 1. Hence we have
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Let's apply the Gauss formula (see Eq.[18.12]) to replace the integral in Eq.[20.1]
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Inhomogeneous part

wherei=-n, ...,n (2n terms) and g are the Gaussian weights (congtants) and mare

quadrature angles (or points).

Eq.[20.2] isasystem of 2ninhomogeneous differentid equations:
Solution of EQ.[20.2] = general solution + particular solution

Generd solution is a solution of the homogeneous part of the Eq.[20.2]

Denating I; = 1; (t ,m), the genera solution of Eq.[20.2] can be found as
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Inserting Eq.[20.3] into Eq.[20.2], we obtain
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We can find g; in the form
g, = L/@+mk)
where L is a congant to be determined. Substituting this expressonfor g; in Eq.[20.4],
we have
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Eq.[20.5] gves 2n solutions for +/k; (j=1,...,n).
Thus generd solution is
L =a Lexp(-k.t) [20.6]
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where L; are constants.



The particular solution can be found as
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where h; are constants.
Inserting Eq.[20.7] into Eq.[20.2], we have
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From Eq.[20.8], h; isfound as
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where g isdetermined from
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Adding the genera solution Eq.[20.6] and the particular solution Eq.[20.7], we have the

olution
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where L; are constants to be determined from the boundary conditions.

H-function has been introduced by Chandrasekhar as
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One can express g in the H-function that Eq.[20.10] becomes
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Eq.[20.12] gives a simple solution for the semi-infinite isotropic atmosphere:
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2. Gener alization of the D-O method for inhomogeneous atmospher e.

Let's consder the atmosphere with non-isotropic (anisotropic) scattering.

Recall that we may expand the diffuse intengty in the cosne series
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So we need to solve EQ.[17.15]
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The general solution may be written
n
1"t ,m) = é T (m) exp(- kit)
f ", k", L] arecoefficients to be determined.
The particular solution may be written

1o (t,m) =Z" (m) exp(-t / m)

Z"™(m) isafunction
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The complete solution of the radiative trandfer is
I™t.m)=a Ljf "(m)exp(- kit) +Z"(m)exp(-t /m)  [20.14]
j=n

i=-n,...,Nn

Let’s generdize the complete solution EQ.[20.14] of the radiative transfer for the
inhomogeneous atmosphere. The atmosphere can be divided into the N homogeneous
layers, each is characterized by a sngle scattering abedo, phase function, and optica
depth.

NOTE: If alayer has gases, aerosols and/or clouds, one needs to caculate the effective
optical properties of thislayer.

For |-th layer, we can write the solution using Eq.[20.14]. To smplify notations, let’'s

consder the azimutha independent case (i.e., m=0), so we have
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j=-n
Now, we need to match the boundary and continuity conditions between layers.
At the top of the atmosphere (TOA): no downward diffuse intensity

1'*(0,-m) =0 [20.16]
At the layer’ s boundary: upward and downward intensities must be continuous
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At the bottom of the atmosphere (assuming the Lamdertian surface):
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Eqgs.[20.16]-[20.18] provide necessary equations to find the unknown coefficients.



Few comments on DI SORT

(DISORT isanumerica code based on the D-O method developed by Wiscombe et dl.;
see Laboratory 9)

1) DISORT applies to the inhomogeneous nonithotherma plane-parallel atmosphere.

2) A user may set-up any numbers of the plane-pardle layers.

3) Each layer must be characterized by the effective optical depth, Single scattering
abedo and asymmetry parameter if the Henyey-Greengtein phase function is used.

4) A user may use any phase function by providing the Legendre polynomid expanson
coefficients.

5) A user selects anumber of streams (keeping in mind that the computation time varies
asIr).

6) A key problemisto obtain asolution for fluxes for strongly forward- peaked scattering.
7) DISORT dlows predicting the intengty as afunction of the direction and position at
any point in the atmosphere (i.e., not only at the boundaries of the layers).



