Lecture 21
M ethods for solving the radiative transfer equation. Part 4: Principles

of invariance. Adding method.

Objectives:
1. Principles of invariance.
2. Adding method.

Required reading:

L80: 6.4-6.6
Recommended reading:
G&Y:83

1. Principles of invariance.
Recdl the definitions of reflection and transmission of alayer introduced in Lec.18-19.
If solar flux isincident on alayer of optical depth t 1:

R(m,j ,my,j o) =1 (0,mj )/ myF, [18.1]
T(m’J ’m01j O)=I_(t1’_ m1j )/mOFO [18-2]
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The principle of invariance for the semi-infinite atmosphere (Ambartzumian,
1940): the diffuse reflected intengty cannot be changed if alayer of finite optical
depth, having the same optical properties as those of the origina layer, is added.
NOTE: For more details see L80: 6.4.2



The principles of invariance for thefinite atmosphere (Chandrasekhar, 1950):
(1) Thereflected (upward) intengity at any given optica depth t results from the
reflection of (a) the attenuated solar flux = pF, exp(-t /my,) and (b) the downward diffuse

intengty a thelevd t . Thus, we have

I~ =M, expl-t /m)R(E, - t,mmy)+ 28R¢, - t.mmdl (.- e

[211]
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(2) The diffusdly transmitted (downward) intensity at thelevd t results from (a) the
trangmission of incident solar flux and (b) the reflection of the upward diffuse intengity
abovethelevd t:

| (.- m)=mFTE, mm)+2¢Re,mnmyl" ¢, mymeint [21.2]
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(3) Thereflected (upward) intensity at the top of the finite atmosphere (t = 0) is
equivaent to (a) the reflection of solar flux plus (b) the direct and diffuse transmission of
the upward diffuse intensity abovetheleve t:

I'(O,m):mFOR(t,mm)HZEj'(t ;mmfl ¢, Mn@int+ 1 ¢, mexp(-t /m

[213]
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(4) The diffusdy tranamitted (downward) intengty at the bottom of the finite atmosphere
(t=t 1) isequivdent to (a) the transmission of the attenuated solar flux & theleve t plus
(b) the direct and diffuse tranamission of the downward diffuse intendty et the level t

from above:
1
I_(t 11 m): mFoexp(-t /”B)T(tl' t ,mIT&) +2(\5|-(t1- t,m nﬁl_(t " nﬁm@jrrﬂ#
0
+1 (,-mexp(-t,-t)/m
0 \ Mo
\\\\\ -nr'=-n -m
t A/ \4 ...........

Tt,-t,mm,) Tt , . mh

[21.4]

t1




2. Adding method.
Adding method isan “exact” technique for solving the radiative transfer equation with

multiple scattering. It uses geometrica ray-tracing gpproach and the reflection and
tranamisson of each individua atimaospheric layer.

Strategy: knowing the reflection and trangmission of two individud layers, the reflection
and transmission of the combined layer may be obtained by caculating the successive

reflections and transmissions between these two layers.

NOTE: If optica depths of these two layers are equaled, this method is referred to asthe
doubling method.

Consider two layers with reflection R; and R, and totd (direct plus diffuse) tranamission
T,and T, functions, respectively. Let's denote the combined reflection and total

transmission functions by Ry, and T,,, and combined reflection and total transmission

functions between layers 1 and 2 by U and D , respectively.
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The combined reflection function Ry is

R, =R +TRTL+TRRRT + TRRRRRT, +.. =
=R+TRT[1+RR, +(RR)" +..] = s
=R+RT’(L- RR)"
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NOTE: In Eq.[21.5] we use that % =4 x
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The combined total transmission function T, is

T, =T +TRRT, +TRRRRT, +...=
:ﬁfz[l-'- RiRZ ' (RRZ)Z ' ] i [21.6]
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The combined reflection function U between layers 1 and 2:

ufia+i%a%+ﬁ&a%a&+m:
=TRIL+RR,+(RR)" +..]= .
=TR(- RR)"

The combined total transmission function D between layers 1 and 2:
D=T,+T,RR+TRRRR +..=

=T[1+RR +(RR)"+..]= -
=T,1- RR)"*



From Eqs.[21.5]-[21.8], we find that

R, = R_L+:|'1U; :I:12 :'i';lS; U= R2|5 [21.9]
Let'sintroduce S=RR,(1- RR,))™*

Usngtha T =T +exp(-t /mg, from Eqs[21.8]-[21.9] wefind
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Thus, we may write asystem of iterative equations for the computation of diffuse

trangmisson and reflection for the two layersin the form:

Q=RR

S=Q1- Q)"

D=T, +ST, +Sexp(-t,/m)

U =RD+R,exp(-t,/m)

R, =R +exp(-t,/muU +TU

T, =exp(-t,/mD+T,exp(-t,/m)+T,D

[21.12]

NOTE: in Eq.[21.12], the product of two functions implies n integration over the
appropriate angle so that al multiple-scattering contributions are included. For instance

RR, =23 (MMYR, (m§ m )it



Numerical procedure of the adding method:

1) Asthe garting point, one may calculate the reflection and transmission functions of an
initial layer of very small opticd depth (eg., Dt = 10°®) that the single scattering
gpproximation is applicable.

NOTE: the solution of the radiative tranfer under the single scattering approximetion
has been derived in Lecture 17 (see Eqs[17.9]-[17.10])

2) Then, using Eq.[21.12], one compuites the reflection and transmission functions of the
layer of 2 Dt .

3) Using Eq.[21.12], one repests the cal culations adding the layers until a desirable
optical depth is achieved.



